Rolling tachyon in linear dilaton background is examined by using an effective field theory with gauge field on an unstable D-brane in bosonic string theory.
Introduction
The decay of unstable D-brane can be described by tachyon condensation. The time dependent process of tachyon condensation called rolling tachyon has recently received much attention. It is found that the tachyon condensation leaves behind some objects equipped with the same energy density as the original unstable D-brane tension and the vanishing pressure [1] . These objects are called tachyon matter or tachyon dust.
The degree of freedom of perturbative open string disappears under tachyon condensation. On the other hand, electric flux on D-brane world volume is generically identified with fundamental string charge for an anti-symmetric 2-tensor called the Kalb-Ramond field, then the electric flux must be conserved under tachyon condensation. Accordingly, only the confined electric flux can be allowed to remain and play a role as the carrier of fundamental string charge. Indeed, in super string theory, the confinement of unbroken gauge field is well described in [2, 3] . It is expected that the electric field is to be confined and identified with fundamental string in bosonic string theory too [4, 5] .
The rolling tachyon accompanied with a constant electric field is examined by using the effective field theories [6] and the boundary CFT [7, 8] . It is found that the energy density and the pressure along the constant electric field become certain finite constants and pressure along directions transverse to the electric field becomes zero. This solution can be identified with tachyon matter with a constant electric field. Moreover it is observed that fluctuation modes around this solution can propagate along the electric field at speed proportional to the field strength [6] . The nature of propagation of fluctuation modes is likely to suggest a significant implication of fundamental string formation and electric flux confinement.
The rolling tachyon in linear dilaton background is examined by using the timelike boundary Liouville theory. It is shown that there is a solution to be identified with tachyon matter. Moreover it is observed that the tachyon matter slides towards a weak coupling region, assuming the normalizability of a local operator denoting tachyon field [9] . Accordingly, it is intriguing to construct the tachyon matter solution in linear dilaton background by using an effective field theory, and examine whether a tendency for tachyon matter to slide towards a certain coupling region can be shown in the effective field theory.
In this paper, we will consider the rolling tachyon on an unstable Dp-brane in a linear dilaton background in bosonic string theory, by using an effective field theory with gauge field. In the next section, we begin with a brief review of a useful prescription to analyze tachyon condensation with gauge field [6, 10] . Initially, we examine the rolling tachyon without gauge field in linear dilaton background, and obtain asymptotic solutions. By studying the asymptotic behavior of energy momentum tensor, we identify a solution to be tachyon matter in linear dilaton background. We are also lead to an unexpected solution as obtained in [11] . Subsequently, we study the rolling tachyon accompanied with a constant electromagnetic field in linear dilaton background. The time evolution of effective coupling and the propagation of fluctuation modes around the tachyon matter solutions are also examined. We work with the weak string coupling limit.
rolling tachyon in linear dilaton background
The dynamics of tachyon T (x) and gauge fields A µ (x) on an unstable Dp-brane with dilaton Φ(X(x)) would be described by a world volume effective action given by
This is a simple generalization of the effective action proposed in [12, 13] to the case involving the dilaton. We will consider a linear dilaton background Φ = V µ X µ that has non-vanishing components only along the D-brane world volume, and use the static gauge X µ = x µ (µ = 0, 1, · · · , p) where X µ denotes target space coordinate and x µ denotes world volume one. The target space is flat with metric signature (− + · · · +), and τ p denotes the Dp-brane tension. α ′ = 1 unit is used in this paper. The tachyon enters into the action as if it is one of transverse coordinates on D-brane, which is related to gauge field under T-duality. Indeed, it is possible to treat the tachyon and gauge field on an equal footing except for the presence of potential. The following relation on matrix determinant,
with identification as P = 1, Q = (η + F ) µν , R = ∂ µ T , allows the action (1) to be expressed by
The tachyon field T is incorporated with the gage field A µ to define an extended gauge field as in [6, 10] ,
where the world volume coordinate 
with ∂ −1 ≡ 0. This extended field strength is anti-symmetric and obeys the Jacobi identity. The equations of motions of the action (3) are given by
with V −1 ≡ 0. The symmetric part and the anti-symmetric part of inverse matrix of
respectively. The tachyon potential V (T ) can be taken to be such that it has a local maximum 1 at T = 0 and a local minimum 0 at T = ∞. The asymptotic profile of tachyon potential for very large value of T suffices to construct asymptotic solutions.
Assuming the tachyon potential V (T ) = 1/ cosh(T /2) proposed in [14, 15] , one can take advantage of the asymptotic form of it given by
T .
We shall examine the rolling tachyon by using this potential.
rolling tachyon with constant block diagonal field strength
We will look for homogeneous rolling tachyon solutions T = T (x 0 ) with F µν constant.
Lorentz rotation can be utilized for this type of solution to simplify F µν so that it has vanishing components except for F µ,µ+1 (µ = 0, 1, · · · , p−1) and their transpositions. For simplicity, we begin with a block diagonal form of F µν such that
) and other components are zero. This supposed form of gauge fields can be involved with the rolling tachyon T = T (x 0 ) to construct the extended field
i . It will turn out that there are solutions for which det
with
With use of these matrices, the second term of the equations of motion (6) turns out to vanish except for M = −1, 1,
M = −1 component of the equations of motion (6) is
It appears that B i (i = 1, · · · , n) can acquire a non-vanishing value only for V 2i = V 2i+1 = 0. We will classify some solutions of these equations according to the value of B 0 .
Firstly, let us consider the case of non-vanishing B 0 . The equation (14) shows that this solution is possible only for V 1 = 0. The equation (13) can incorporates with the equation (15) to give two equations,
The last equation shows that this type of solution with B 0 finite is possible only for
To determine an asymptotic behavior of rolling tachyon, let us examine an supposed form of tachyon as in [1, 11] 
The parameters β, K, γ should be determined to be positive constants so that the tachyon rolls down the potential towards the local minimum (T = ∞), and the speed of tachyonṪ asymptotically becomes a certain constant so as to validate the description with effective action. Let us apply this supposed form to the equations of motion and evaluate them in order by order of e −γx 0 .
This supposed form of rolling tachyon leads to det
The equation (17) evaluated in order 1 and e −γx 0 leads to two equations among parameters. They are found to have a single solution given by
Note that the leading term C of det A (0) in equation (20) vanishes for this solution. The
shows that a final speed of rolling tachyon is slowed down in the presence of electric field B 0 . This fact is in agreement with the result obtained in [6] , but we note that the finite B 0 is allowed only for V 1 = 0.
Let us study the energy momentum tensor of the theory (3), which is represented by
The solution (21) leads to the block diagonal energy momentum tensor expressed by
The case with all V µ vanishing is displayed here, but the case with V 2i or V 2i+1 nonvanishing is readily given by replacing (1+B
In the following analysis, the case with vanishing V µ (µ = 2, · · · , p) are mainly examined.
It is observed that the energy density T 00 remains a finite positive constant in the infinite future that is proportional to the D-brane tension τ p . The pressure becomes zero to all directions except for x 1 . This direction is what the constant electric field is pointed to, and the pressure T 11 remains a negative constant determined by the electric field strength. These are the suitable properties for tachyon matter with electric field [7, 8] .
The action includes the field strength F µν in a gauge invariant combination (F µν + B µν ), where B µν denotes the pull-back of the Kalb-Ramond field B M N onto D-brane world volume. The source for the Kalb-Ramond field is determined by functional derivative of the static gauge action with respect to F µν . It is expressed by
The solution (21) leads to the block diagonal S µν expressed by S (0) ⊕ n j=1 S (j) with
Note that the fundamental string charge density pointing to x 1 direction, S 01 , remains finite in the infinite future.
Secondly, let us consider the case of B 0 = 0. The equation (14) shows that this solution is consistent with any values of V 1 . Only the equation (13) leads to a nontrivial equation,
Applying the supposed form (19) and requiring a term of order 1 and one of order e −γx 0 to vanish separately lead to two equations given by
These equations allow two solutions according to the value of V 0 . One is given by
for
. The other solution is given by
. The latter solution is the same as obtained in [11] . In the case of V 0 = − The solution (31) leads to the energy momentum tensor T µν expressed by the equations (23) (24) except that B 0 is taken to be zero. It is evident that the energy momentum tensor has the properties of tachyon matter. The source for the Kalb-Ramond field S µν is expressed by the equations (26) (27) except that B 0 is taken to be zero. This shows that there is no fundamental string charge remained in the infinite future.
The solution (32) also leads to the block diagonal energy momentum tensor expressed
It appears that both the energy density and the pressure diverge in the infinite future in contrast to the previous solutions. We would simply rule out this solution.
rolling tachyon with transverse electric and magnetic fields
If an unstable D3-brane is considered, the analysis so far corresponds with a rolling tachyon with parallel electric field B 0 and magnetic field B 1 towards x 1 direction. Subsequently, let us examine such a case that only non-vanishing components of F µν are
This corresponds with a rolling tachyon with electric field E along x 1 and magnetic field B along x 3 , as far as D3-brane is concerned.
where 1 (p−2) denotes a rank (p − 2) identity matrix. It will be found that there is a solution with non-vanishing det
The matrix θ M N is determined by θ (0) ⊕ 0 (p−2) with
where 0 (p−2) denotes a 'rank' (p − 2) zero matrix. The second term of the equations of motion (6) is found to vanish except for M = −1, 1,
M = 3, · · · , p components do not give any non-trivial equations. We will study a case with E non-vanishing, which is possible only for V 1 = 0 according to the equation (40).
The two equations (39) and (41) give rise to
The equation (43) with the asymptotic form (19) applied leads to equations for parameters β and γ,
These equations have two kinds of solutions. One is given by
The other is
The latter solution (48) leads to the singular behavior of energy momentum tensor, thus we would simply rule out this solution. The former solution (47) leads to energy momentum tensor with relevant components determined by
with µ, ν = 0, 1, 2, a, b = 3, · · · , p, i = 2, · · · , p. The source for the Kalb-Ramond field is determined by relevant components,
with µ, ν = 0, 1, 2 and other components zero. Note that momentum density to x 2 direction is finite, hence the whole system moves towards x 2 direction with velocity determined by T 02 /T 00 = BE 1+B 2 . This fact shows that T µν and S µν are not changed in the rest frame, while pressures to direction x a , T aa , goes to vanish in the infinite future.
This solution is still qualified to represent tachyon matter. In the presence of spacelike linear dilaton background, profiles of the energy-momentum tensor and the source of the Kalb-Ramond field vary towards a certain spatial direction at a specific time in a given coordinate frame. Therefore we note that the rest frame should be used to examine the profiles.
The value of dilaton changes in the rest frame according to
where x ′ 0 denotes the time coordinate in the rest frame. Since the electric field is allowed to take a value subject to (1 + B 2 − E 2 ) > 0, the direction of effective coupling evolution for the tachyon matter solution depends only on the sign of V 0 , which is not restricted in this analysis.
If the fluctuation modes around the tachyon matter solution can propagate, it would give significant implications for the fundamental string formation. Then, according to [6] , let us study the fluctuation modes defined by
where T 
up to terms of order e −γx 0 and second order terms for fluctuation modes.
We will study a case with non-vanishing E. It follows from the equation (56) thatt is not dynamical. Moreover it can be set to be zero by using a spatial gauge transformation that still remains in the gauge a 0 = 0. The equations (57) subject tot = 0 give rise to the same kind of differential equation as (55), which can be expressed as The constant electric flux is generically identified with the conserved fundamental string charge. In fact, the equation (51) shows a presence of fundamental string charge along the x 1 direction. Accordingly, if a spatially inhomogeneous tachyon condensation is considered, fundamental string would be formed towards the direction of electric flux.
We note that the finite electric flux is not admissible towards directions with finite linear dilaton. Thus, it appears that fundamental string is not formed towards the finite valued 
Conclusion
We have considered the rolling tachyon in the linear dilaton background by using the effective field theory with gauge field. Several asymptotic solutions equipped with or without constant electromagnetic fields were obtained in linear dilaton background. We explicitly constructed a solution to be identified with tachyon matter in linear dilaton background. Moreover tachyon matter solutions with constant electromagnetic field in linear dilaton background were also obtained. We showed that tachyon matter solutions are obtained only for V 0 larger than certain constants, which may depend on the profile of electromagnetic field. The existence of the lower bounds was not seen in the analysis by using the timelike boundary Liouville theory [9] . This discrepancy implies that the effective action (1) does not correctly describe a certain parameter region. Indeed, the effective action is not shown to be valid in a region where the dilaton is large. We would insist that the result for V 0 = 0 at least is to be reliable in a region where the dilaton is not so large. Then the apparent discrepancy disappears.
It turned out that the direction of time evolution of effective coupling is determined by the sign of V 0 and the profile of electromagnetic field enters into the speed of evolution.
The nature of fluctuation modes such that the intrinsic propagation is towards the electric flux and the propagation speed is proportional to the electric flux was shown to be unchanged in the presence of linear dilaton background. This result is consistent with the assumption such that the propagating fluctuation modes come from long stretched fundamental strings.
